The problem of constructing separable potentials with the oscillator formfactors from the S-matrix has been reduced to the inverse scattering problem for an semi-infinite symmetric Jacobi matrix. The solution has been obtained in the context of the algebraic analogue of the Marchenko method.
Introduction
In Ref. [1] the method has been proposed for constructing separable potentials
with the oscillator formfactors φ ℓ n (x) = (−1) n 2n! ρΓ(n + ℓ + 3 2 )
x ℓ+1 e −x 2 /2 L ℓ+1/2 n (x 2 ) (2) from a given S-matrix in the framework of the J-matrix approach (see e.g. Ref. [2] and references therein). Here, x = r/ρ is the relative coordinate in units of the oscillator radius ρ = h/µω, µ is the reduced mass. We measure the energy E in the units of the oscillator basis parameterhω, i.e. E =hωǫ and ǫ = q 2 /2, where q is the dimensionless momentum: q = kρ. The potential derived by J-matrix inverse scattering approach is defined within a phase equivalent transformation (see e.g. Ref. [3] and references therein). To eliminate the ambiguity the potential matrix V n, m is assumed [1, 3] to be of a tridiagonal form. The matrix T ℓ n, m = 1 hω H 0 n, m of the kinetic energy operator
in the basis φ ℓ n ∞ n=0
(2) is also symmetric tridiagonal:
Consequently, the full Hamiltonian matrix h n, m = T n, m + V n, m is also of a tridiagonal form:
Thus, the inverse scattering problem for the potential (1) may be reduced to the inverse scattering problem for the (formally infinite) Jacobi matrix h n, m 5. The solution obtained within the algebraic analogue of the Marchenko metod (see e.g. [4] and references therein) is given below.
Direct problem
Within the J-matrix method, the radial wave function u ℓ (k, r) is expanded in an oscillator function (2) series
The functions ψ n are the solutions to the set of equations
The asymptotic behaviour of ψ n (q) for k > 0 as n → ∞ is given by
Here, the functions
obey the "free" equations T ℓ n, n−1 d n−1 (q) + T ℓ n, n d n (q) + T ℓ n, n+1 d n+1 (q) = ǫ d n (q), n = 1, 2, . . . . (10)
S n, ℓ satisfy in addition the equation
Besides, S n, ℓ meet the completeness relation
As for the coefficients of the expansion
of the normalized bound state wave function u ℓ (iκ ν , r) with the energy
holds as n → ∞. Here, M ν are the bound state normalization constants which are related to the residues of the S-matrix [5] :
i Res
It can be directly verified that the completeness relation
is valid.
Inverse problem
To take advantage of the algebraic analogue of the Marchenko method it is essential that there exist coefficients K n, m (independent of q) such that
By analogy with Ref. [6] assume that ψ n (q) = • ψ n (q), n ≥ N (18) (N specifies the order of a potential matrix). If • ψ N and • ψ N +1 are inserted (instead of respectively ψ N and ψ N +1 ) into Eq. (7) for n = N, we obtain, in view of Eq. (10),
Then, using the three-term recursion relation (10) with every n = N − 1, . . . , 1 we obtain
which in the limit N → ∞ gives (17). The coefficients K n, m are found from the completeness relation (16). From the condition of the orthogonality of ψ n and every ψ m , m > n follows the condition of the orthogonality of ψ n and every
Inserting the expansion of (20) in (21) gives the system of linear equations in K n, m K n, n Q n, m + 2N −n−1 p=n+1 K n, p Q m, p = 0, m > n. 
The elements a n and b n of the sought-for Hamiltonian matrix (5) are related to K n, m by the equations a n = T ℓ n, n + K n, n+1 Kn, n T ℓ n+1, n − K n−1, n K n−1, n−1 T ℓ n, n−1 , b n = Kn, n K n−1, n−1 T ℓ n, n−1 , n = 1, 2, 3, . . . .
(25)
a 0 is specified by the solutions ψ 0 and ψ 1 to Eq. (7) .
